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Abstract 

 

The material removal and surface figure after ceria pad polishing of fused silica glass have been 

measured and analyzed as a function of kinematics, loading conditions, and polishing time. Also, 

the friction at the workpiece/lap interface, the slope of the workpiece relative to the lap plane, and 

lap viscoelastic properties have been measured and correlated to material removal. The results show 

that the relative velocity between the workpiece & lap (determined by the kinematics) and the 

pressure distribution determine the spatial and temporal material removal and hence the final 

surface figure of the workpiece. In the case where the applied loading and relative velocity 

distribution over the workpiece are spatially uniform, a significant non-uniform spatial material 

removal from the workpiece surface is observed. This is due to a non-uniform pressure distribution 

resulting from: 1) a moment caused by a pivot point and interface friction forces; 2) viscoelastic 

relaxation of the polyurethane lap; and 3) a physical workpiece/lap interface mismatch. Both the 

kinematics and these contributions to the pressure distribution are quantitatively described, and then 

combined to form a spatial and temporal Preston model & code for material removal (called Surface 

Figure or SurF©). The surface figure simulations are consistent with the experiment for a wide 

variety of polishing conditions.  This study is an important step towards deterministic full-aperture 

polishing, which would allow optical glass fabrication to be performed in a more repeatable, less 

iterative, and hence more economical manner. 

 

1. Introduction 

A typical optical fabrication process involves a series of basic process steps including: 1) shaping, 

2) grinding, 3) polishing, and sometimes 4) sub-aperture tool polishing. With significant innovation 

and development over the years in both shaping using computer numerical controlled (CNC) 

grinding machines and sub-aperture polishing using, for example, magneto-rheological finishing 

(MRF), these processes have become more deterministic.  However, full aperture or conventional 

polishing still relies heavily on the optician’s insight to get to the desired surface figure and is far 

from reaching the label of a deterministic process. Conventional polishing often requires multiple 



iterative cycles involving polishing, measuring the surface figure, and adjusting the polishing 

parameters to converge to the desired surface figure (i.e., flatness or radius). Developing a scientific 

and quantitative understanding of the material removal during conventional polishing would lead to 

a process that is more determinisitic, allowing optical glass fabrication to be performed in a more 

repeatable, less iterative, and more economical manner. This is the motivation of the current study. 

 

At the molecular level, material removal during glass polishing is dominated by chemical processes 

[1]. The most common polishing media for silica glass is cerium oxide which has the following the 

basic reaction: 

 =Ce-OH   +    HO-Si≡    =Ce-O-Si≡ + H2O   (1) 

where the surface of the cerium oxide particle is cerium hydroxide which condenses with the glass 

surface (silanol surface) to form a Ce-O-Si bond. The bond strength of this new oxide is greater 

than the strength of the Si-O-Si bond (i.e., the glass). Hence the ceria particle essentially tears away 

individual silica molecules. Parameters such as pH, isoelectric point, water interactions, slurry 

concentration, slurry particle size distribution, and other chemical parameters can influence the 

removal rate [1].  

 

At the macroscopic level, material removal has been historically described by the widely used 

Preston’s equation [2-3]: 

 rop Vk
dt
dh σ=   (2) 

where dh/dt is the average thickness removal rate, σo is the applied pressure, and Vr is the average 

relative velocity of the polishing particle relative to the substrate. The molecular level effects are 

described macroscopically by the Preston’s constant (kp). The rate of removal increases linearly 

with pressure and velocity.   Many studies, particularly those in the chemical mechanical polishing 

(CMP) literature for Si wafer polishing, have expanded the Preston model to account for slurry fluid 

flow and hydrodynamic effects [4-9], Hertzian contact mechanics [1], influence of asperity 

microcontact [10-12], lap bending [13],  and the mechanics of contact on the pressure distribution 

[14-16]. Only a few of these studies focus on understanding & predicting surface figure (or global 

non-uniformity), and none of these can yet be applied to the general case where all of these 

phenomena described above play a role. 

 

In the following study, material removal and surface figure are measured for the fused silica glass 

that has been polished using a cerium oxide slurry on a polyurethane lap under a systematic set of 

polishing conditions.  A spatial and temporal Preston model is formulated and used to simulate the 

experimental data incorporating: 1) the friction coefficient as function of velocity (Stribeck curve), 



2) the relative velocity which is determined by the kinematics of the lap and workpiece motions, 

and 3) the pressure distribution which is shown to be dominated by: a) moment forces, b) lap 

viscoelasticity; and c) workpiece/lap interface mismatch. 

 

2. Experimental 

2.1. Polishing and Surface Figure Measurements 

Silica glass disks (Corning 7980; 100 mm in diameter x 10 mm thick; polished by Sydor Optics to a 

Peak-to-Valley <0.3 µm) were re-polished on an orbital polisher in a configuration shown 

schematically in Fig. 1a. Before polishing, a polyurethane lap (SUBA 550 2.2 mm thick with square 

patterned grooves (2 mm width, 10 mm spacings)) on an aluminum base plate (200 or 300 mm in 

diameter x 50 mm thick) was preconditioned using a CMP diamond conditioner (Diamonex 

250355FT) with a micro-90 soap solution. Also, an Al disk (76 mm diameter) was normally 

mounted on the back face of the workpiece glass using wax (Pitchbar holding wax PB7575), and a 

load (P) was applied by weights on a steel driving pin (9.5 mm diameter). The only exceptions are 

for Samples E2 & E3 (see Table 1) where the workpiece was guided by wheels at three points on 

the edge (hence no load driving pin was used). Cerium oxide slurry (Hastilite PO; ~0.5 µm particle 

size; diluted to Baume 9) was magnetically stirred externally and fed onto the lap using a peristaltic 

pump (Masterflex L/S) at a flow rate of 0.6 ml/minute. The kinematic controls on the orbital 

polisher include the rotation rate of the lap (RL), separation distance between the workpiece center 

and lap center (s), stroke rate (Rs), and stroke distance (ds) (see Fig. 1b). Note the rotation of the 

workpiece (Ro) in these experiments was not controlled, but was driven by the friction caused by 

the lap and stroke motion. In some of the polishing experiments (Samples F1 & F2) an external 

glass septum (152 mm OD, 105 mm ID, 9.5 mm thick) was loaded by weights (Ps) onto the pad 

around the fused silica workpiece which also freely rotated with the workpiece. 

 

The glass samples were polished under various conditions (as described in Table 1) and then 

periodically removed and cleaned with water (note the wax and Al button were removed and 

reapplied after each iteration). The weight of the workpiece (±0.001 gms) and the reflected 

wavefront of the polished face (using a Michelson Interferometer, 4” ADI Phaseshift MiniFiz 100) 

were measured after each polishing iteration.  

 

2.2 Friction Measurements 

The friction between the workpiece and the lap was measured as a function of lap rotation (RL) and 

applied load (P) using a setup schematically shown in Fig. 2a. A rectangular fused silica glass 

workpiece (37.5 mm x 7.8 mm x 10 mm) waxed onto an Al disk was polished on the 37.5 x 7.8 mm 

face of the sample with the spacing between the lap and sample center of 120 mm.  A calibrated 



load cell (Interface WMC-25, 0-25 lbf), which wasattached to the side of the Al disk and fixed 

against a stationary surface, directly measured the friction force in tension. 

 

2.3 Workpiece slope measurements 

The tilt or slope of the workpiece relative to the lap plane was measured during polishing using a 

setup schematically shown in Fig. 2b. Two laser displacement sensors (Keyence Models LK-G37 & 

LK-G32) were placed on two fixed points above the workpiece (one near the leading edge of the 

workpiece and one near the trailing edge of the workpiece). The height difference between the 

displacement sensors, initially zeroed on the workpiece while stationary and unloaded, was 

measured as a function of moment arm distance (d), applied load (P), and lap rotation rate (RL). 

Because the lap was not co-planar (i.e., it wobbles slightly relative to its center of rotation axis) and 

was not perfectly parallel to the machine plane, the tilt of the workpiece was determined using the 

measured height difference in the forward and reverse lap rotation.  The workpiece tilt (∆H) and 

slope angle (θx) are: 
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where ∆Hf and ∆Hr are the average measured height differences between the leading edge and the 

trailing edge for the lap rotating in the forward and reverse direction, respectively.  

 

2.4 Lap viscoelastic properties 

The viscoelastic properties of the polyurethane pad (Suba 550) were measured by compressively 

loading the lap at various pressures and measuring the displacement as a function of time in a 

configuration shown schematically in Fig. 2c. A mechanical test machine (Instron 1127) displaced a 

steel loading plate (89 mm in diameter) at a rate of 100 mm/min onto the polyurethane pad (100 

mm in diameter) adhered to a flat steel plate. The non-axial motion of the weight stack was 

constrained by a linear ball bearing to maintain alignment. Also, a spherical seat was attached to the 

bottom flat steel plate to ensure parallel contact with the steel loading plate. Three positional 

sensors (Kaman 1SM, pre-calibrated, located on a 120 mm diameter circle around the lap, 120o 

apart, ±0.1 µm) were used to measure the time dependent position, and a load cell (Interface 100 

lbf, ±0.05 psi) was used to measure the time dependent load. Both the positional sensor and the load 

cell had a time response accuracy of ±1 msec. 

 

3. Results 

3.1 Surface Figure 



When the workpiece was allowed to rotate during polishing, the measured surface figure was 

radially symmetric. Hence the surface can be fully represented by a radial lineout for each polishing 

time increment. After each polishing iteration, the mass of material removed (∆m) and the radial 

lineout (L(x,ti)) at polishing time ti were measured.  From a simple volume balance, the height 

difference (∆h) between the two lineouts measured at different polishing times (t1 and t2) is then: 
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where ρ is the density of fused silica (2.2 gm/cm3) and ro is the radius of the workpiece. The 

measured profiles for each time increment can now all be plotted relative to the original starting 

surface. The surface figures for each of the polishing experiments listed in Table 1 are plotted in 

this format in Figures 3-9.   

 

3.2 Workpiece slope 

The measured workpiece tilt and slope angle as a function of various polishing conditions (moment 

arm distance (d), applied pressure (σo), and lap rotation rate (RL)) are plotted in Fig. 10. The tilt 

ranged from 0 - 35 µm or 0 - 0.19x10-3 deg. Note that a positive tilt height or slope angle indicates 

that the leading edge is lower than the trailing edge. The tilt was largely unaffected by lap rotation, 

but increased with the moment arm distance and applied pressure. 

 

3.3 Lap creep compliance 

Fig. 11a shows an example of the data collected from pad loading experiments described in Section 

2.4; the measured load (plotted in terms of pressure on the workpiece) and the displacement of the 

pad as a function of time are shown for the case where the applied pressure was 0.3 psi. In order to 

characterize the viscoelastic nature of the pad, the pad relaxation rate under constant loading is 

needed (referred to as the creep compliance time constant (τc)). Since the loading time was not 

instantaneous (~0.08 sec), the pad relaxation was evaluated by fitting the displacement data to a 

single exponential after full loading was achieved (see Fig. 11b). For loading conditions ranging 

from 1 -3 psi, reasonable fits are obtained with a similar creep compliance time constant of 4.0±0.1 

sec. This value is utilized further in the viscoelastic model described in Section 4.3.2. 

 

4. Discussion 

In order to quantitatively simulate the surface figure evolution during polishing, Preston’s model 

(Eq. 1) for material removal needs to be expanded to account for numerous effects such as: 1) 

spatial and temporal variation in velocity and pressure; 2) differences in the applied pressure and 



pressure distribution experienced by the workpiece; and 3) friction effects. Hence, a more elaborate 

form of Preston’s Equation can be described as: 
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where dhi/dt & dh/dt are the instantaneous & time average removal rates, respectively, at some 

given time t and position x,y on the workpiece. µ is the friction coefficient which is a function of 

the relative velocity (vr) at the workpiece/lap interface. σ is the pressure distribution resulting from 

the applied pressure (σο) and the nature of the workpiece/lap contact.  In the discussion that follows, 

three critical components of the modified Preston’s equation (Eq. 5a) are described: 1) the frictional 

forces as function of relative velocity between the polishing particle and workpiece; 2) the relative 

velocity between the workpiece and lap based on various kinematics; 3) the factors that affect the 

pressure distribution (moment forces & workpiece tilt, lap viscoelasticity, and workpiece/lap 

interface mismatch). All of these effects are combined to form a more global material removal 

model and its implications are discussed below. 

 

4.1 Frictional forces 

The contribution of interface friction to material removal (see Eq. 5a) can conceptually be thought 

of as being proportional to the number of polishing particles making contact with the workpiece. 

The greater the number of particles making contact, the greater the friction, and the greater the 

removal rate. As discussed in Section 2.2, the friction force (F) was measured as a function of 

applied load (P) and lap rotation rate (RL). The friction coefficient for each measurement is then: 

P
F

=µ  .      (6) 

The magnitude of the friction between the workpiece and the lap is determined by the mode of 

contact between the two bodies, the applied load, the characteristics of the slurry (e.g. viscosity), 

and the workpiece/lap relative velocity [4-5]. It is common to describe the dynamic friction using 

the Stribeck Curve (µ as function of 
o

rs v
σ

η where sη  is the slurry fluid viscosity) as shown in Fig. 12 

[4]. Notice that the friction coefficient can change significantly depending on the velocity and 

applied pressure. At low values of 
o

rs v
σ

η  (<10-6 m) for the pad, the workpiece and lap make 

mechanical contact (referred to as contact mode), and the friction coefficient is high (0.7 – 0.8); at 

high values of 
o

rs v
σ

η  (>10-5 m), the fluid pressure of the slurry carries the workpiece off of the lap 

(referred to as hydrodynamic mode), and the friction coefficient is low (<0.02).  Most conventional 



optic polishing is performed in contact mode, where the friction coefficient is large and does not 

significantly change. Notice in Fig. 12 that the polyurethane pad, pitch and IC1000 pad follow the 

same basic behavior with the friction coefficient on the Stribeck curve. However, the transition into 

hydrodynamic mode occurs at different values of 
o

rs v
σ

η depending on the properties of the lap 

material. For the polyurethane pad, the friction cofficient can be described by a sigmoidal curve, 

which is often used to describe the shape of the Stribeck curve, as: 
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4.2 Kinematics and relative velocity 

Another major contributor to material removal is the relative velocity of the polishing particle to the 

workpiece surface (Eq. 5a). The greater the velocity of the polishing particle, the larger the number 

of particles that will interact with the surface per unit time, thus leading to greater material removal. 

Kinematic analysis for various polishing scenarios has been previously summarized (for example 

see Brown [17] and Taylor [18]). Assuming that the workpiece-particle relative velocity is roughly 

equivalent to the workpiece-lap relative velocity (i.e., the polishing particle is essentially stationary 

relative to the lap), the kinematic parameters of the system can be used to calculate the relative 

velocity of the polishing particles. It is convenient to describe the relative velocity in vector form 

as: 
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where ρο is a position on the workpiece given by coordinates x & y with the origin at the workpiece 

center, oR
r

 & LR
r

 are the rotation rates of the workpiece and lap in vector form directed along the z-

axis, and S
r

 is the vector describing the separation between the geometric centers of the workpiece 

and lap. The first term on the right hand side describes the rotation velocity of the workpiece for 

some given position on the workpiece at the workpiece-center frame of reference. The second term 

describes the rotation velocity of the lap at the workpiece-center frame of reference. The final term 

describes the linear motion relative velocity due to the stroke. For the case of spindle polishing used 

in this study, each of the terms above can be described in vector form using: 
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In order to describe a typical continuous polisher (CP), one just needs to set ds equal to 0.  



 

Since the relative velocity can only lead to removal when the lap and workpiece are in contact, an 

additional condition for a non-zero relative velocity applies for the case of a circular lap: 
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The time average relative velocity is then given by: 
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Using Eqs. 8-10, the time average velocity has been calculated for a variety of kinematics in Figure 

13 where ro=0.05 m, rL=0.10 m, RL=28 rpm. When Vr is higher on the edge relative to the center, 

the workpiece would become more convex, and when Vr is lower on the edges, the workpiece 

would become more concave. Fig 13a suggests that as the workpiece rotation rate is mismatched 

from the lap rotation rate, the workpiece would become more convex. Figs. 13a&b suggest that 

increasing the separation distance, tends to increase the time average velocity and hence removal 

rate. Figs. 13c&d illustrate that increasing the stroke distance generally leads to lower velocities at 

the edge due to the edges of the workpiece spending more time off of the lap, and hence the 

workpiece would become more concave. These trends are consistent with those generally observed 

by opticians during conventional polishing. 

 

4.3 Pressure Distribution 

The pressure distribution between the workpiece and lap is more complex and not as well 

understood due to the multiple factors that can affect it. Figure 14 schematically shows some of the 

phenomena that can influence the pressure distribution; these include: 1) the distribution of pressure 

applied onto the workpiece or lap, 2) the elastic response of the lap (including the rigid punch effect 

and workpiece/lap deflection), 3) the hydrodynamic forces due to fluid flow at the interface, 4) the 

moment  resulting from the moment arm distance and frictional forces, 5) the viscoelastic relaxation 

of the lap, and  6) the physical mismatch at the workpiece/lap interface. 

 

It is common for optical manufacturers to purposely modify the distribution of the applied load in 

order to alter the removal on a certain portion of the workpiece. For this study, only uniform 

loading is examined in order to understand the contribution of the other phenomena listed above.  

 

The elastic response of the lap can lead to a non-uniform pressure distribution due to the change in 

response of the lap at the edge of the workpiece/lap interface. This effect has been described 

previously (see for example [19]) having the following form for the 1D pressure distribution as: 
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This results in a pressure distribution that is high at the edge of the workpiece. However, the shape 

of this pressure distribution alone cannot account for the measured material removal and surface 

figure. Another elastic contribution to the pressure distribution is the deflection of both the 

workpiece and lap. Such effects can be quantified using finite element analysis or estimated using 

standard equations for deflection and stress [20]. The polishing setup used in this study is one where 

both the workpiece and lap are stiff enough so that these effects are expected to be small and are not 

considered in the analysis of the experimental results.  

 

Hydrodynamic effects can also influence the pressure distribution due to high fluid pressure passing 

through the workpiece/lap interface. These effects are described by the well known Reynolds 

equation [4,5,7,8,21]; in 1D it is described as: 
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where σ is the resulting pressure distribution, ηs is the fluid viscosity,  ∆hoL is the gap between the 

workpiece and lap,  ∆hoL* is the gap at the point of maximum pressure on the workpiece. However, 

hydrodynamic effects are likely not the dominant effect on the pressure distribution for typical 

optical polishing. This is because optical polishing usually does not operate in hydrodynamic 

contact mode (see friction discussion above) where the removal rate would be very small 

(essentially non-existent). Also, hydrodynamic effects would cause the leading edge of the 

workpiece to be higher than the trailing edge relative to the lap plane which is inconsistent with the 

measured data as shown in Fig. 10. 

 

Below is a detail description of the three other effects (moment forces, viscoelastic lap effects, and 

workpiece/lap mismatch) which tend to dominate the pressure distribution during optical polishing. 

 

4.3.1 Influence of moment forces on pressure distribution 

Several groups have acknowledged the potential impacts of slope of the workpiece during Si wafer 

polishing [8,21] driven by hydrodynamic forces. Here a moment force driven by the friction at the 

workpiece/lap interface while in contact mode is described.  Consider the workpiece-lap setup as 

shown in Figure 2b where the workpiece is held by a spindle and allowed to rotate. Using a force 

and moment balance while at equilibrium, the total load and moment are given by: 
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where  Fx & Fy are the friction force and Mx & My are the moment in the x & y direction.  

 

From the results shown in Figure 10, a non-zero workpiece slope is clearly present during polishing. 

The slope increases (where the leading edge of the workpiece is lower than the trailing edge) with 

moment arm distance and applied pressure. This is qualitatively consistent with the above 

formalism, since it would result in higher pressure at the leading edge of the workpiece. The 

determination moment and slope using Eq. 12a-d becomes more complicated with the addition of 

stroke in the kinematics where the moment and hence slope become time dependent (i.e. slope 

changes with position of the workpiece along the stroke trajectory). Also, any offset of the 

workpiece from the lap surface changes the pressure distribution over a smaller area of the 

workpiece, and any offset of the workpiece from the lap surface can also lead to an additional slope 

due to a center of gravity balance. Due to the fact the above complications are not yet developed in 

the model, the slope is not predetermined but used as a fitting parameter in this study. The slope due 

to the moment combined with the viscoelastic lap contributions lead to a non-uniform pressure 

distribution as described in more detail in the next section.  

 

4.3.2 Influence of viscoelastic lap properties on pressure distribution 

With a moment distance of essentially zero (i.e., all moment forces removed), as with Sample E2 

(see Fig. 6b), a non-uniform material removal is still observed. This leads to isolation of another 

source of non-uniform pressure distribution that is believed to be caused by viscoelastic lap 

relaxation. The influence of the viscoelastic properties of this polyurethane lap has been previously 

correlated to the length of scratches caused by rogue particles viscoelastically penetrating into the 

lap [22]. With a viscoelastic lap, the pressure at the leading edge (when a point on the lap first 

makes contact with the workpiece) of the workpiece is higher than at the trailing edge (when a point 

on the lap stops making contact with the workpiece). This is because as a given point on the lap 

travels through the workpiece interface, the lap material has a time dependent relaxation (i.e., with 

time, the lap relaxes and reduces the pressure on the workpiece).   

 

For a viscoelastic lap loaded by an elastic workpiece, the pressure distribution on the workpiece 

(σ(x,y)) can be described by the heredity equation for a constant applied load as [19]: 
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where tL(x,y) is the time of lap exposure at some point x,y on the workpiece for the corresponding 

point on the lap, Erel is the stress relaxation function for the viscoelastic lap material,  and ( )t ′ε& is 

the lap strain rate. Each of these three parameters is analytically described below. 

 



The time of lap exposure can be determined using a line path of some point on the lap (xL,yL) at the 

leading edge of the workpiece as it travels to some given point on the workpiece (x,y) as illustrated 

in the schematic in Fig. 15a. For the case of kinematics without stroke, the time of lap exposure is 

given by:  
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Note for every point selected on the workpiece (x,y), there is a unique corresponding point at the 

leading edge of the workpiece (xL,yL). Figure 15b plots the calculated time of lap exposure tL(x,y) 

for the conditions used for Sample A1 using Eq. 14a-c. The minimum time of lap exposure is at the 

leading edge of the workpiece and the maximum time of exposure is at the trailing edge on the side 

of the workpiece closest to the lap center. The asymmetry of the time of lap exposure is due to the 

fact that the velocity of a given point on the lap is lower closest to the lap center, which leads to 

longer times of lap exposure. For the case shown in Fig. 15b, the maximum time of lap exposure is 

0.6 sec. A similar exercise, as described above, can be performed for the case with stroke added; 

however, the algebra is more complicated. Also, the time of lap exposure would change along the 

stroke cycle, whereas without stroke the time of lap exposure stays constant. 

 

The viscoelastic lap behavior can be modeled using the delayed elasticity viscosity model [19]; Fig. 

16 schematically illustrates this model which is comprised of two moduli (two springs) and one 

viscosity (dashpot). The creep compliance function J(t) and the stress relaxation function Erel(t) for 

this model are described as [19]: 
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where τc is the creep compliance time constant and τs is the stress relaxation time constant. For this 

model the following self similar relationships apply [19]: 

EEE =+ 21    
c

E
τ
η

=2   Es
ητ =    (15c-e) 

where E and η are the bulk modulus and viscosity of the lap. This simple viscoelastic model 

(delayed elasticity model) is one possible viscoelastic model; that is not to say that a more complex, 

possibly more realistic model can also be implemented.  

 



From the results described in Section 3.3, τc=4.0 sec. From dynamic mechanical analysis performed 

by Lu et. al. [23] on this polyurethane pad, E= 100 MPa and η= 9.7×107 poise. Hence using Eqs 

15c-e, E1=97.75 MPa, E2=2.25 MPa and  τs=0.1 sec.  Note that the stress relaxation time constant 

(τs) is less than the maximum time of lap exposure (see Fig. 15b), suggesting that a significant 

amount of stress relaxation can occur under these set of kinematics with this pad. With all of these 

parameters quantitatively known, the stress relaxation function (Eq. 15b) is now quantitatively 

defined. 

 

The final component needed to determine the pressure distribution (using Eq. 13) due to 

viscoelastic relaxation is the strain rate ( ( )t′ε& ). The strain on the lap is constrained by the shape of 

the workpiece and its orientation with respect to the lap (i.e., the slope). For the cases where the 

workpiece surface is flat, the strain as a function of workpiece position can then be defined as: 

( ) o
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t
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t
xyx ε

θθε ++=
)tan()tan(,      (16) 

where θx and θy are the slopes of the workpiece in the x and y directions relative to the lap plane, 

oε is the elastic strain at the center of the workpiece, and tpad is the thickness of the viscoelastic pad. 

It is convenient to describe the strain as a function of time ( ( )tε ) instead of position, which can be 

done using:   
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where rarc is the arc radius for a given point (xL, yL) at the leading edge of workpiece (see Figure 

15a) relative to the lap center. Substituting into Eq. 16 and then differentiating, gives the strain rate 

as: 
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Using Eqs. 13-18, one can now determine the pressure distribution on a non-rotated workpiece. 

Figure 17a shows the calculated pressure distribution using the conditions described for Sample B 

where the workpiece does not rotate. For comparison, the measured surface profile for Sample B 

after 1 hour of polishing is shown in Fig. 17b. Note the leading edge of workpiece in each image is 

designated by a red star. The observed removal is qualitatively consistent with the calculated 

pressure distribution where the leading edge experiences a much higher removal or pressure. For all 

of the other samples in this study, the workpiece was rotated. Hence the pressure distribution would 



be a time-average of non-rotated pressure distribution rotated about the center of the workpiece, 

which can be described as: 

∫=
π

θθσ
π

σ
2

0
),(

2
1)( drr       (19) 

where ),( θσ r is the  pressure distribution determined by Eq. 13 in cylindrical coordinates. As the 

slope of the workpiece is increased relative to the lap plane, in Eq. 18, the time average rotated 

pressure distribution becomes more non-uniform and hence the material removal becomes more 

non- uniform. 

 

4.3.3 Influence of workpiece/lap mismatch on the pressure distribution 

Another strong influence on the pressure distribution is the surface mismatch of the workpiece/lap 

interface. If both surfaces are perfectly matched, then the mismatch is zero and the pressure 

distribution is uniform (if we ignore other effects contributing to the pressure distribution). If the 

surfaces are not matched, the pressure distribution will not be uniform leading to lower pressures 

where the mismatch is larger and higher pressures where the mismatch is small. The compliance of 

the workpiece and lap would influence the magnitude of the pressure deviation. Another way of 

describing the mismatch effect is using a nonlinear strain and strain rate; in the previous section, a 

linear strain analysis was described. 

 

To illustrate the mismatch effect quantitatively for the polyurethane pad used in this study, we 

compare two series of polishing experiments performed on a flat lap Al base (±1 µm peak to valley) 

(Samples A1 & C1) with those performed on a convex lap Al base (±20 µm peak to valley) 

(Samples D5 & D1).  The surface figure lineouts for each of these can be found in Figs 3, 4, 5 & 7. 

The average measured removal rates for these samples are shown in Figs. 18 a&b. Each plot only 

compares samples that were performed under identical polishing conditions except for the curvature 

of the lap Al base. The removal rate using the convex lap was greater at the center of the workpiece 

and lower at the edges of the workpiece relative to the removal rate observed using the flat lap. This 

deviation in removal is due to the change in pressure distribution due to the workpiece/lap 

mismatch. Taking the ratio of the removal rate at each radial position for each of the two series of 

samples in Figs. 18 a&b, the relative removal as a function of radial position on the workpiece is 

shown in Fig. 18c. Note that the effect of lap curvature on the removal for both series of polishing 

experiments was about the same even though they were conducted under very different kinematics. 

For both series of polishing experiments, the removal rate decreased by 50% at the edge relative to 

the removal rate at the center of the workpiece. 

 



The relative removal shown in Fig. 18c can now be described in terms of the workpiece/lap 

mismatch by describing the lap curvature as a sphere. The height (hL(x)) of the lap normalized to 

zero at the ends is given by: 

)()( 22
PVLLL hxxh −−−= ρρ     (20) 

where ρL is the radius of curvature of the lap surface and hPV is the peak to valley height of the lap. 

For the convex lap used here, ρL is 250 m and hPV= 20 µm. 

 

Allowing the workpiece to tilt to achieve best contact with the lap, we get the mismatch between the 

workpiece and the lap as: 

)()()( xhxhxh oLoL −=∆      (21) 

where the ho(x) is the height of the workpiece described by: 

ixo hxxh += )tan()( θ       (22) 

where hi is height at the center of the workpiece. For the convex lap used here,  tan(θx) =20 µm/100 

mm=2x10-4 and hi= 20 µm. Applying Eqs. 20-22, the data in Fig. 18c was converted to the relative 

pressure as a function of the workpiece/lap mismatch in Fig. 18d. The data shows that a removal 

rate (and hence pressure) on the workpiece drops linearly; at a 5 µm mismatch, the pressure and 

removal drop ~50%. The belief is, however, for larger amounts of mismatch, the pressure 

dependence on the mismatch would become nonlinear. Hence, the relative pressure as a function of 

mismatch ))(xhoL∆  is quantitatively described as: 

hh
oL

o

oLeh /)( ∆−=∆
σ
σ      (23) 

where h  is a constant describing the rate at which pressure drops with increase in workpiece/lap 

mismatch. A reasonable fit to the data is obtained using h = 8 µm which is shown as a solid line in 

Fig. 18d. The workpiece/lap mismatch calibration to the pressure distribution can now be used to 

monitor the pressure distribution (Eq. 23) as a function of polishing time which is discussed in 

greater detail in the next section. 

 

4.4 Time varying quantities and achieving & predicting convergence 

For the polishing system used in this study (i.e. pad polishing on an Al base), the relative wear of 

the pad is considered small and negligible relative to the workpiece wear. Hence, during polishing, 

the workpiece should converge to a certain shape where the pressure non-uniformity caused by the 

workpiece/lap mismatch is balanced by the pressure non-uniformity due to other effects outlined in 

Fig. 14. To illustrate this, consider Samples D5 and E2 whose results have been replotted in terms 

of PV height of the surface figure as a function of polishing time (see Fig. 19). For both sets of 

polishing conditions, the figure is observed to converge with polishing time. If the pressure 



distribution and time average velocity were not time varying, the PV height would continue to 

increase linearly and indefinitely. However, as discussed in the previous section, as the 

workpiece/lap mismatch is increased, the pressure distribution will change leading to a more 

uniform distribution of material removal and hence convergence of the surface figure with polishing 

time. Using the pressure versus mismatch curve shown in Fig. 18d and Eq. 23, a time dependent 

pressure distribution has been calculated to determine the surface figure and PV height (designated 

by the solid lines in Fig. 19). The use of the measured mismatch pressure dependence does a good 

job of predicting the change in the PV height with polishing time and the convergence value of the 

PV height. 

 

4.5 Method for achieving uniform removal 

 

A novel method to minimize the moment and viscoelastic effect on pressure non-uniformity is to 

use a septum on the exterior of the workpiece and load it sufficiently so that it prestrains the lap. 

Hence when the lap makes contact with the workpiece, the lap behaves elastically instead of 

viscoelastically. Samples F1 & F2 clearly show that use of a septum with high loads leads to very 

uniform removal (implying a uniform pressure distribution) (see Figs. 9 a & b). Note that the 

pressure on the septum ~3x that of the workpiece pressure was required to achieve this effect. This 

technique has the practical application of removing material from a workpiece without significantly 

changing its surface figure. 

 

4.6 Deterministic Surface Figure Model (SurF©) 

 

By combining all of the effects discussed above into the spatial and temporal dependent Preston’s 

Equation (Eq. 5a), a finite difference, material removal model code (Surface Figure (SurF©)) has 

been written to incrementally calculate material removal (and hence surface figure) on every 

position of the workpiece and lap as a function of time. These effects include: 1) friction coefficient 

as function of velocity (Section 4.1); 2) velocity distribution as a function of position (Section 4.2); 

3) moment contribution to the pressure distribution (Section 4.3.1); 4) viscoelastic lap contribution 

to the pressure distribution (Section 4.3.2); and 5) workpiece/lap mismatch contribution to the 

pressure distribution (Section 4.3.3). The four major terms of Eq. 5a (Preston’s constant, relative 

velocity, friction coefficient, and pressure distribution) are treated as independent variables. The 

model has inputs of kinematics (Ro, RL, ds, Rs), configuration (ro, rL, shape, ρL, P), and material 

properties (η, kp, stribeck curve (Eq. 7), mismatch response (Eq. 23)). 

 



In this study, different polishing experiments were performed as described in Table 1 and plotted in 

Figs. 3-9. The key process variables include change in kinematics, change in loading conditions, 

change in the lap flatness, and the use of an external septum. The simulation or model results are 

plotted along with the data in Figs. 3-9 as dashed lines. In general, the simulation does a good job at 

quantitatively describing the shape of the workpiece surface as a function of time for a wide variety 

of process conditions while incorporating multiple effects of friction, kinematics, and multiple 

sources of pressure non-uniformity. The adjustable parameters used in the current model were the 

Preston’s constant (kp) and the slope (θx) on the workpiece for a given loading condition and 

kinematics. kp changed very little from run to run except in the case where the loading conditions 

were significantly changed (see Table 1 last column). Also, the best fit values of kp is consistent 

with values previously reported for ceria used on polyurethane pad [24]. θx varied both with 

kinematics and with moment arm distance. For the polishing runs conducted without stroke, the 

values of the slope (see Table 1 second last column) determined from the best fit follow the same 

trend as the slope measured directly (Fig. 10). Future work will focus on predicting the slope 

(eliminating it as a fitting parameter) and hence leading to a truly deterministic model for predicting 

material removal and surface figure during polishing. 

 

5.0 CONCLUSIONS 

The material removal and surface figure of fused silica glass after polishing (using ceria slurry on a 

polyurethane lap) has been measured and analyzed as a function of kinematics, loading conditions, 

and polishing time. Adding the quantitative effects of friction, kinematics (relative velocity), and 

multiple sources on pressure distribution, a more global model has been developed to understand 

the spatial and temporal dependence of material removal during full aperture polishing of fused 

silica. This study is an important step for achieving deterministic full-aperture polishing, which 

would allow optical glass fabrication to be performed in a more repeatable, less iterative, and hence 

more economical manner. 
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Figure 1. (a) Cross section view of the polisher configuration. (b) Top view schematic of polisher 

and workpiece illustrating kinematic degrees of freedom and coordinate system.  
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(c) 

 

Figure 2: (a) Schematic of the setup used to measure the friction force on the lap as function of lap 

velocity and load (P); (b) Schematic of the setup used to measure the height difference and slope 

between the leading and trailing edge of the workpiece relative to the lap plane. (c) Schematic of the 

mechanical setup to measure the viscoelastic properties of the lap. 
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Figure 3: Baseline series radial surface profile of fused silica workpiece after polishing under 
different conditions [(a) Sample A1; (b) Sample A2] for various times. The solid line is the 
experimental data and the dashed line is the model fit using parameters described in Table 1. 
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Figure 4: Flat lap series radial surface profile of fused silica workpiece after polishing under 
different conditions [(a) Sample C1; (b) Sample C2; (c) Sample C3 and (d) Sample C4] for various 
times. The solid line is the experimental data and the dashed line is the model fit using parameters 
described in Table 1. 
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Figure 5: Curved lap series radial surface profile of fused silica workpiece after polishing under 
different conditions [(a) Sample D1; (b) Sample D2; (c) Sample D3 and (d) Sample D4] for various 
times. The solid line is the experimental data and the dashed line is the model fit using parameters 
described in Table 1. The polishing conditions are the same as shown in Fig. 4, but for a convex lap 
(peak-to-valley = 20 µm). 
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Figure 6: Loading series radial surface profile of fused silica workpiece after polishing under 
different conditions [(a) Sample E1; (b) Sample E2] for various times. The solid line is the 
experimental data and the dashed line is the model fit using parameters described in Table 1.  
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Figure 7: Radial surface profile of fused silica workpiece after polishing under conditions for 
Sample D5 for various times. The solid line is the experimental data and the dashed line is the 
model fit using parameters described in Table 1. 
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Figure 8: Radial surface profile of fused silica workpiece after polishing under conditions for 
Sample E3 for various times. The solid line is the experimental data and the dashed line is the 
model fit using parameters described in Table 1.  
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Figure 9: Septum series radial surface profile of fused silica workpiece after polishing under 
different conditions [(a) Sample F1; (b) Sample F2] for various times. The solid line is the 
experimental data and the dashed line is the model fit using parameters described in Table 1.  
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Figure 10: Measured workpiece tilt (∆H) or slope as function of moment arm distance (d), applied 
pressure (σο), and lap rotation rate (RL). 
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(a)                                                                                          (b)  

       
 

Figure 11: (a) Measured pressure and displacement of the polyurethane polishing pad upon loading 

up to 0.33 psi using the setup described in Section 2.3; (b) Measured workpiece lap displacement 

using the setup described in Section 2.5 after full loading has been reached for various applied 

loads.  
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Figure 12: Measured friction coefficient as a function of applied pressure and relative velocity 
plotted in terms of the Stribeck curve. Polyurethane pad data and pitch data are from this study; 
IC1000 pad data are from [5]. Line represents a sigmoidal fit to the data for each lap material. 
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Figure 13. Calculated time averaged relative velocity using kinematic equations described using 
Eqs. 8-10 where ro=0.05 m, rL=0.1 m, RL=28 rpm. (a)  Effect of relative workpiece rotation rate 
with no stroke (s=0.025 m, Rs= 0 rpm, ds= 0 m and Ro is varied); (b) Effect of relative workpiece 
rotation rate with larger separation distance (s=0.05 m, Rs= 0 rpm, ds= 0 and Ro is varied); (c) Effect 
of stroke with workpiece/lap rotation matched (s=0.05, Rs= 15 rpm, Ro= 28 rpm, and ds is variable); 
and (d) Effect of stroke with workpiece/lap rotation mismatch (s=0.05, Rs= 5 rpm, Ro= 15 rpm, and 
ds is variable). 
 

 
 
Figure 14: Schematic illustration of various physical effects that can contribution to the pressure 
distribution between a lap and workpiece. A typical shape for the pressure distribution is shown as 
well as identification of key process parameter that influence the pressure distribution.
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(a)                                                         (b)                     

Figure 15. a) Schematic illustrating a given point (x,y) on the workpiece at time tL(x,y) and the 
trace of the corresponding point on the lap while it was loaded starting at leading edge of workpiece 
at point (xL, yL). b) Contour plot of the calculated time of lap exposure for all points on the 
workpiece surface for the conditions (ro = 0.05 m,  RL = 20 rpm, s = -0.075 m). 

 

 

                       
 

Figure 16: Schematic illustration of the delayed elasticity model to describe the viscoelastic 
behavior of a polyurethane polishing pad. 
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Figure 17: (a) Calculated stress profile conditions used for Sample B (non rotating workpiece) 
using Eqs. 13-18. (b) Measured surface profile for Sample B after 1 hour of polishing. Note that 
leading edge of the workpiece in each image is designated by a red star. 
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Figure 18: (a) Measured average removal rate for Samples A1 and F5 using a flat and convex lap 
respectively. (b) Measured average removal rate for Samples E1 and F5 using a flat and convex lap 
respectively. (c)  Relative removal (normalized at center of workpiece) between flat and convex lap 
using measured average removal rate shown in (a) and (b). (d) Relative pressure or removal as a 
function of mismatch or gap between the contacting surface profiles between workpiece and lap 
(determined from the data in (c) and Eqs. 20-22). The solid line is a single exponential fit as 
described by Eq. 23. 
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Figure 19: PV height of the surface figure for samples D5 & E2 as a function of polishing time. 

The points represent measured data and the line is the model simulation using SurF. 
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Variable List 
 
d  Moment arm distance (m) 
ds Stroke amplitude distance (m) 
E1,E2 Moduli of viscoelastic lap for delayed elasticity model (Pa) 
E Bulk Modulus of lap (Pa) 
Erel(t) Stress relaxation function of lap (Pa) 
F Frictional force between workpiece and lap (N) 
Fx, Fy Frictional force between workpiece and lap in x & y direction (N) 
h   workpiece/lap mismatch rate constant for drop in pressure with gap 
hi Initial elastic displacement of lap under load (µm) 
hL(x) Height of lap as a function of position (µm) 
ho(x) Height of workpiece as a function of position (µm) 
∆h Overall height difference of surface of workpiece between polishing run iterations 

determined from interferometric lineouts  (µm) 
hPV peak-to-valley surface height of lap due to Al base curvature (µm) 
∆hoL(x) Gap between workpiece and lap as a function of position (µm) 
∆hoL*  Gap between workpiece and lap where hydrodynamic pressure is maximum (µm 

∆Hf ,∆Hr Average measured height difference between leading edge and trailing edge of 
workpiece in forward (f) and reverse (r) direction (µm) 

∆H Height difference between leading edge and trailing edge of workpiece relative to lap 
plane (µm) 

dt
dhi  Instantaneous material removal rate (µm/hr) 

dt
dh  Average material removal rate (µm/hr) 

J(t) Creep compliance of lap (1/Pa) 
kp  Preston’s constant for material removal (m2/N)  
L(x,ti) Measured radial profilometry height of optical surface as function of polishing time 

ti 
Mx, My           Moment between workpiece and lap in x & y direction (Nm) 
∆m Mass change of workpiece between polishing run increments (gm) 
oR
v

 Rotation rate of workpiece expressed in vector notation 

LR
v

 Rotation rate of lap expressed in vector notation 
Rs Stroke cycle rate 
ro Radius of workpiece (m) 
rL Radius of lap (m) 
rarc Arc radius; distance from lap center to a given leading edge point on workpiece 
P Applied load on workpiece (N) 
Ps Applied load on septum (N) 
s Separation distance in y direction between center of workpiece and center of lap (m) 
S
v

 Vector describing the separation between workpiece center and lap center (m) 
tpad Initial thickness of pad (mm) 
t  Polishing time (sec) 
ti  Polishing time increment (sec) 
tL(x,y) Time of continual exposure of point on lap corresponding to given point on 

workpiece 
rv
r  Relative velocity vector at a given position on workpiece relative to lap (m/s) 
Vr Magnitude of time average relative velocity (m/s) 
(x,y) point in system relative to workpiece frame of reference (m) 
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(xL,yL) point in system relative to workpiece frame of reference at leading edge of 
workpiece (m) 

εo  Baseline elastic strain of lap (unitless) 
ε  Strain on lap at a given position/time (unitless) 
ε&  Strain rate on lap (s-1) 
η Viscosity of lap (Pa-s) 
ηs Viscosity of slurry (Pa-s) 
µ Friction coefficient between workpiece and lap (unitless) 
ρL  radius of curvature of lap surface 
ρ density of fused silica (gm/cm3) 

oρv  Position on workpiece relative to workpiece center frame of reference (m) 
σ Stress/pressure distribution at a given position/time on workpiece (Pa) 
σo Applied stress on workpiece (Pa) 
θx  slope of workpiece in x direction relative to lap plane (deg) 
θy  slope of workpiece in y direction relative to lap plane (deg) 
τc Creep compliance time constant for lap (s) 
τs Stress relaxation time constant for lap (s) 
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Table 1: Summary of fused silica polishing samples 

Se
ri

es
 

E
xp

er
im

en
t 

Experiment Conditions Kinematic Conditions Model Fit Param 
 

Work
piece 
Load 

Septum 
Load 

Initial 
Lap 

Shape 
(PV) 

Initial 
Workpi

ece 
Shape 
(PV) 

Moment 
Dist. 

Load 
ing 

Lap 
Radius 

Workpi
ece 

Radius 

Lap  
Rot. 

Workpie
ce Rot. 

Stroke 
Rot. 

Stroke 
Dist. 

Sep 
Dist.  

Work
piece 
Slopea 
(10-5) 

Prest on’s 
Const. 
(10-13) 

(psi) (psi) (µm) (µm) d (mm) -- rL (m) ro (m) RL(rpm) Ro(rpm) Rs(rpm) ds (m) S (m) θx(deg) kp (m2/N) 
Base A1 0.35 NA <1 <0.1 31 Pin 0.10 0.05 -29 -26 0 0 0.05 0 17.8 

A2 0.35 NA <1 <0.1 31 Pin 0.15 0.05 -20 -18 0 0 0.075 0 19.5 

* B  0.35 NA <1 <0.1 31 Pin 0.15 0.05 -20 0 0 0 0.075 0 17.8 

Fl
at

 L
ap

 
Se

ri
es

 

C1 0.35 NA <1 <0.1 31 Pin 0.10 0.05 -28 -23 15 0.07 0.05 6.9 13.8 
C2 0.35 NA <1 3 31 Pin 0.10 0.05 -28 -23 15 0.04 0.025 0.3 16.7 
C3 0.35 NA <1 <0.1 31 Pin 0.10 0.05 -28 -23 15 0.04 0.05 1.3 17.2 
C4 0.35 NA <1 <0.1 31 Pin 0.10 0.05 -29 -27 15 0.01 0.025 0 17.2 

C
on

ve
x 

L
ap

 
Se

ri
es

 
 

D1 0.35 NA 20 <0.1 31 Pin 0.10 0.05 -28 -23.5 15 0.07 0.05 6.9 13.8 
D2 0.35 NA 20 3 31 pin 0.10 0.05 -28 -26.8 15 0.04 0.025 0.3 17.9 
D3 0.35 NA 20 <0.1 31 pin 0.10 0.05 -29 -27.5 15 0.04 0.025 0 17.2 
D4 0.35 NA 20 <0.1 31 pin 0.10 0.05 -29 -27 15 0.01 0.025 0 17.2 
D5 0.35 NA 20 <0.1 31 pin 0.10 0.05 -29 -26 0 0 0.05 0 17.0 

L
oa

di
ng

 
Se

ri
es

 E1 0.35 NA <1 <0.1 56 pin 0.15 0.05 -20 -22 0 0 0.075 -11.5 19.5 
E2 0.35 NA <1 <0.1 0 wheel 0.15 0.05 -20 -13 0 0 0.075 4.3 9.4 
E3 0.35 NA <1 <0.1 0 wheel 0.10 0.05 -28 -7 15 0.07 0.05 6.9 10.3 

Se
p

tu m

F1 0.35 1.0 <1 <0.1 Na pin 0.15 0.05 -20 -18 0 0 0.075 0 16.4 
F2 0.35 1.0 <1 3 Na pin 0.10 0.05 -29 -26 0 0 0.05 16.4 

*No workpiece rotation; (a) assumes initial displacement is 10 µm 

 


